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Direct Path Method for Flexible Multibody
Spacecraft Dynamics

J.Y.L. Ho*
Lockheed Missiles and Space Company, Palo Alto, Calif.

The dynamic equations of motion of a muitibody flexible spacecraft with topological tree configuration are
derived by the direct path method. The terminal bodies are treated as flexible and the interconnected bodies as
rigid. Bodies are connected by gimbal hinges supplied with torsional springs and dampers. The three gimbal
rotational axes may be either completely free or locked sequentially. Three approaches are suggested in this
analysis, namely; the Lagrangian-Newtonian approach, the complete Newtonian approach, and the complete
Lagrangian approach. The direct paths, the direct position vectors, and the incidence matrix are the key features
of this analysis. They efficiently govern the contribution from the single body to the overail dynamic equations
of the system. From the physical point of view, the complete Newtonian approach is the most straightforward.
Torque equations are obtained from directly taking the moment about the hinge points rather than going
through the lengthier differentiation of the angular momentum. This approach also gives better physical un-
derstanding to the interaction among motions of the individual bodies. From the mathematical point of view,
the complete Lagrangian approach is the fastest. The lengthy elimination of the interacting forces and torques

does not appear in this approach.

Nomenclature

Y =rate of change in damping energy dissipation of
body j

e§_ = unit vectors along xg (£=1,2,3)

e; = unit vectors along x4 (8=1,2,3)

e; =unit vectors along x;_ (v=12,3)

el = base vectors along x| (n=1,2,3)

74 =reciprocal base vectors associated with e/’
(§=1,23)

ey’ = base vectors along x}¥ (A=1,2,3)

e’ = reciprocal base vectors associated with e}?
(r=1,2,3)

1€ =fi§ es=force vector acting on the unit mass in body
J due to the enviromental disturbances

F/ = F); ¢4=force vector acting on body j at O; from its
limb body

g’V =g4V) 4 =direct position vector O,Q;

G =e, G4 e/ =Euler transformation tensor between
e;and e/’

G’ =e} G}, e =gimbal transformation tensor bet-
ween ej and e%%’

G =" GUYD ef=transpose gimbal transformation
tensor between e and e}

B = hjf" €)= position vector 0,0,

' = kinetic energy of body J

K, =generalized stiffness matrix of body j

_ (k,=1,2,...n;)

K¢ =torsional spring constants about the gimbal
rotational axes between body j and its limb body
(0=1,2,3)

N = total number of bo&\iies

n; = number of the natural vibration modes for body j

O, = origin of the Earth coordinates

0O, = origin of the body j coordinates

O, = origin of the spacecraft reference coordinates
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P,,P;  =positions of the mass element dm-’ before and after
elastic deformation

Q; = instantaneous mass center of body j

¢, (t)  =time function associated with ¢} (r/)

r =rj ej=position vector O;P;

R/ =R/ e’ = position vector 0,0;

Rf =R} ef = position vector 0,0,

8/ = strain energy of body j

T/ =Tje, =torque vector acting on body at O; from
its limb body

u! = u}, ¢;= displacement vector P, P}

Vi, = generalized damping matrix of body j (k,/=
1 ,2, vee nj )

Vi = torsional damping constants about the gimbal
rotational axes between body j and its limb body
(¢=1,2,3)

x§ =Earth coordinates

x5 = body j coordinates

X, = spacecraft reference coordinates

xiy = Euler rotational axes between x7 and x4

X3E = gimbal rotational axes between x4 and x%’

xU = nominal (mounting) coordinates of body v on its
limb body

ey = incidence matrix (v,j=1,2,...N)

o’ =p} e} = position vector O P/

8 =Euler angles about x// (n=1,2,3)

g = gimbal rotational angles about x{¥ (A=1,2,3)

' = w} el=angular velocity vector of body j

w’ =w’ e =angular velocity vector of the reference
coordinates

®/(r') =¢J eh=natural vibration modal displacement
vector functions of body j based on: *‘Point O; is
constrained from any linear or rotational
displacements; and the rest of the boundary is free
of force and torque’” (I=1,2,...n;)

I. Introduction

HIS paper formulates the dynamic equations of motion
of a flexible multibody spacecraft with arbitrary
topological tree configuration. The terminal bodies are
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treated as flexible and the interconnected bodies as rigid.
Bodies are connected by gimbaled hinges supplied with
torsional springs and dampers. The three gimbal rotational
axes may be either completely free or locked sequentially. A
general-purpose simulation computer program can be
developed from this analysis.

Dynamic equations of motion of the multibody system have
been investigated by many people in recent years. "'’ Fletcher,
Rongved, and Yu! first treated the simple case of two rigid
bodies. Hooker and Margulies?> derived the dynamic
equations of the n-rigid-body system. Later, Hooker? pre-
sented the modification technique to eliminate the interacting
constraint torques. In their papers, the concept of
“‘barycenter’’ was introduced, which can be interpreted as the
new mass center obtained by loading each joint of the body
with the residual mass of the subsystem of bodies connected
to that point. Roberson and Wittenburg* treated the n-rigid-
body independently and derived the dynamic equations in
matrix form. In this paper, the interacting torques were not
eliminated.

Ness and Farrenkopf® and Ho and Bluck® extended the
model into the flexible n-body system. Ness and Farrenkopf,
using the flexible-terminal/rigid-interconnected model, chose
the unified approach to deal with the nonlinear dynamic
equations of the total motion of the system. Ho and Gluck,
using the all-flexible model, chose the perturbation approach
to deal with the linearized dynamic equations of the perturbed
motion. They considered the total motion to be the super-
position of a small perturbed motion about the nominal
motion with all the flexible bodies are temporarily assumed to
be rigid. In Refs. 5 and 6, the dynamic equations of a single
body are first derived analytically. Then, they are combined
with the equations of the adjacent body through a com-
puterized inductive method following the combining
algorithm. The interacting forces and torques are eliminated
at each combining step. Modifications for the case of the
locked gimbal axes are performed simultaneously. The
drawback of the computerized inductive method is that the
loading and reloading of the coefficient matrices in the
dynamic equations of the subsystems of bodies will, un-
doubtedly, take up much computer time. And also it does not
provide the analytical overall dynamic equations of the
complete system.

The direct path method was originally developed in 1973.4
At the same time Hooker® and Likins'® independently
developed their analysis using the barycenter approach. The
differences between the direct path approach and the barycen-
ter approach will be discussed in Sec. X. After numerous
technical discussions with the author, Hooker abandoned the
barycenter approach in favor of the direct path approach and
developed another analysis.!” We agreed that a great deal of
unnecessary calculations can be eliminated.

In the direct path approach, we try to predetermine
analytically the contribution from the motion of each body to
the certain slots of the coefficient matrices of the overall
dynamic equations in the most efficient way. Three ap-
proaches are suggested in this analysis, namely; the
Lagrangian-Newtonian approach, the complete Newtonian
approach, and the complete Lagrangian approach. In the first
two approaches, the dynamic equations of each body are first
derived from the Lagrangian approach or the Newtonian ap-
proach. Since bodies are connected to each other by gimbal
hinges, the position vector, the angular velocity vector, and
their time derivatives for each body are related to those of the
other bodies through kinematic relations.

It is necessary to transform the variables in the dynamic
equations of all the bodies to a common set of variables of a
specific body in the topological tree system. Evidently, the
main body, which carries the payload, is the most logical
choice. The direct path is a vectorial path oriented from the
main body directly toward each body in the system. The direct
position vectors, which lead from the hinge points to the in-
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stantaneous mass centers of the other bodies within the same
direct path, are widely used throughout the analysis. They
serve as the grouping devices of the position vectors em-
bedded in the bodies along the direct path, and transform the
influence of the motion of one body to the others. The
angular velocity and acceleration vectors of each body are
also transformed into those of the main body and the refer-
ence coordinates of the system. The relative angular velocity
and and acceleration vectors between adjacent bodies along
the direct path are also induced into the equations. The in-
cidence matrix used in the analysis can not only uniquely
define the specific topological tree configuration, but also
systematically govern the transformation of variables of each
body. The dynamic equations of each body are rearrranged in
such a way that the elimination of the interacting forces and
torques at all the hinge points will be completed on one single
summation step. This part of the derivation is considered to
be Newtonian in nature.

In the complete Lagrangian approach, we first derive the
kinetic energy of each body in its own body coordinates, and
then transform the variables before obtaining the total kinetic
energy of the system. The strain energy and the rate of change
in damping energy dissipation in the flexible terminal bodies
and at all the gimbal hinges are obtained in a rather simple
manner. The overall dynamic equations are directly obtained
from LaGrange’s equations.

II. System Definition for the Topological Tree

Figure 1 shows a flexible multibody spacecraft with
topological tree configuration. Bodies are branching out from
the main body into different levels. The main body is named
as body 1; the next N, level-1 bodies are named as body 2,
body 3,...body (N, +1); and then the next N, level-2 bodies
are named as body (N, +2), body (N, +3),...body (N, + N,
+1) and so forth. Each body has its own body coordinates,
x;(j=1,2,...N) (8=1,2,3). There are also the arbitrarily
chosen spacecraft reference coordinates x/ (y=1,2,3), and
the Earth coordinates, x§ (£=1,2,3).

III. Dynamic Equations of a Flexible Terminal Body

The dynamic equations of a flexible terminal body may be
derived from either the Lagrangian approach or the
Newtonian approach.

A. Lagrangian Approach
The position vector of a mass element dm’ in body j at the
deformed state with respect to the origin of the Earth coor-
dinates, point O,, as shown in Fig. 2, is
/=R +R/ +r +u’ )

where

w=Y gie @

=1

The velocity vector of the mass element dm” is
/=R +R' +w XR/ +w/ xr
+ ;j (G/¢/+q/w’' xo/) 3)
=1
The kinetic energy of body j takes the following form
X/ = Wfv! vidm’ )
Substituting Eq. (3) into Eq. (4), we have

K/ =m/[R"+R —R Xuw |« | q¢]]
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where the time-dependent mass properties of body j are

m/  =dm’ (6a)
& =/mHr m (6b)
®/  =(/m')j¢/dm’ (60)
Y/ =/mi)frixe¢/dm’ (6d)
Zji, = (1/m) fod x ¢/ dm’ (6¢)
M, =/mi)fj¢/-¢/dm’ | (60
I =/m))[§ -y —rir ldm’ (62)
N =(1/mI) 6 (- ¢]) —ri¢))dm/ (6h)

Shaded : Flexible
Solid ¢ 2igid

be
1 O¢

Fig. 1 Flexible multibody spacecraft system with topological tree
configuration.

Pocition of Body J x3
Before Deformation u

Position of
g Body j After
Deformation

Fig. 2 Positions of a flexible terminal body before and after elastic
deformation.
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Ny = m) (18 ($heri) — gl dm) (6i)
Ej},  =1/mi[8 (¢} d)) — ¢l 1dm’ 6y
(k=1,2,...n))

and the time-dependent mass properties of body j are

nj
& =dl+ ) g (73)
=1
N . 7b
B=p+ Y, ddN N+ L Y ahaiEl (75)
= k=1 i=1
Wi=Yi+ Y, ¢ Z (k=1,2,...n;) (7c)
=1
The strain of energy of body j is
. ”j Wi .
Si=tmi Y, Y, qi@iKl ®)
k=1 I=1

and the rate of change in damping energy dissipation of body
Jjis
nj nj . .
Di=uml Y, Y ddiVi )
k=1 I=1
The angular velocity vector «’/ of body j is related to the
angular velocity vector w” of the reference coordinates as

o/ =w + G747 (10)

where
g'jr=0‘{lre£,r Gj’=e{;G‘3f'{e/!;" (11)
e{,’ (n=1,2,3) are the base vectors along the Euler rotational
axes x; between the reference coordinates x/, and the body j

coordinates. x4; and e{ (6=1,2,3) are the reciprocal base
vectors. They are related by

e = (el xely/(el)/(ef xe-el) (12a)
er=(efxe)/(ef xes-el) (12b)
e =(e] xef)/(e] xef-ef) (12¢)
and

el e"=t . =Kronecker delta 13)

The components of the Euler transformation tensor G’” are

C2C3 Sj 0 _ljr
Gie=| —C,8; C; 0 (14)
S, 0 1

where
C{"=cos€,~,”' S,{"=sin0,{” (n=1,2,3) (15)

The unit vectors, e{;(6=1,2,3) and e’ (y=1,2,3) are related
by

eh=Ale" (16)

where A7 is called the coordinate transformation matrix.
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C,C; (C,S; +5,5,C3)  (§5,8;-C,8,C;) 17
Aly=| —C,S; (C,C;-5,5,5;) (S5,C5+C,S,S;)
S, -S,C, c,C,
_(17)

Lagrange’s equations of motion of body jare
d [ aacf] ' . . 0D/
drl 9R; 3R’ = ORY

0%/ as’
3R]

=e,- (F/+F) (18a)

[ K/ :I a.’_Kj 4 asj + a;D/ “e/,- Gjr(T) (Tj + T»Ie)
del o6/ apIr aer o 7
(18b)
d [ K’ ] K/ N 08’ . an/ o (18¢)
— . — . n — = C
darl aq] gk oql  aqk
(n=1,23;,v=123k=12,...n;)

where the environmental disturbances on body j are
Fe={ fredm! (19a)
Tj(’zj(rj_*.uf) Xfffdmf (19b)

¢ =l¢}-fredm’ (k=1.2,...n)) (19¢)

Substituting Egs. (5), (8), and (9) into Eqgs. (18), we obtain the
dynamic equations of the flexible terminal body, body j

b I —d"x | @) R+ R
m| @'x | Be . owj |1 o b om
---- B e el T B
e 1 Wi 1 My oy
0 Fre F/
+m’ 0 = Tie + i
Kiuq) + Vi) i 0
(k=12,...n;;sumon I=12,...n;)

where we have the additional time-dependent mass properties
of bodyJ.

Ci=N + Y @i, (I=12..n) @1
k=1
and
RIi=R +20" xR +a" X R/ +0" x (0" XR') (22)

B. Newtonian Approach
The Newtonian approach of deriving the dynamic

equations of the flexible terminal body is based on the
balancing of forces, torques, energy, and work of the body. It
requires the acceleration vector of the mass element dm”.
@ =R+ R +&/xr +wi x (w xr)
+ Y (0] + 20w x )+ 107 x 6 +a X (! x6])])
=1
(23)
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The dynamic equations of motion of the flexible terminal
body are

fa/dm/ = F/* + F (24a)

[ +u/)yxa/dm/ =TF + T/ (24b)

o4 -aidmi +mi ¥ (@K +dVig] =OF (24¢)
(=1

(k=1,2,...n;)

Substituting Eq. (23) into Egs.
equations as Eq. 20.

(24) will yield the same

IV. Dynamic Equations of a Rigid
Interconnected Body

When body j is a rigid interconnected body, the dynamic
equations of motion will be reduced into the following simple
form

) e | —d/x T R’+Rf o X (w/ xd)
mij e +mi Qoo
d/x | e W X ew/

Fie Fi -EF'"
e 25)
()
Tie T/ =Y (T™ +him X F™)

where the special summation LY’ only sums up the adjacent
branch bodies of body j.

W X (w xd’") W X P
@ X B/ e +2m/ Clew’ &
—w/ e Clow! —Zew’

(20a)
(20b)

(20c)

V. Direct Path Method for Transforming Variables

The variables in the dynamic equations of a typical body
(flexible terminal or rigid interconnected) R/ and «’/ and their
time derivatives are related to those of the other bodies
through the kinematic relations. The variables g7
(/=1,2,...n;) and their time derivatives are independent of
those of the other bodies. To obtain the overall dynamic
equations of the complete system, one must transform the set
of the interrelated variables into a common set. Evidently, the
main body, body 1, is the most logical choice.

The concept of the direct path is hereby introduced (Fig. 3).
To go from body 1 to an arbitrary body, body j, in the
toploogical tree system, there always exists a body path which
is the most direct path. This body path is called the direct path
1-j. Let body v and body p by the typical bodies in the direct
path 1-j. We also have the direct path v-j and the direct path
P

We now define the direct position vector g’ as the vector
from the origin of the boyd v coordinates, point O,, to the
instantaneous mass center of body j, point Q. Next we in-



106 J.Y.L.HO

x1
Fig.3 Direct paths of body j and direct position vectors.

troduce the ‘‘incidence matrix,” ¢%(v,j=1,2,...N). The
values of e are either 1 or 0. They govern the appearance of
body v in the direct path 1-j for the specific topological tree.
The incidence matrix for the topological tree in Fig. 1 is
shown in Table 1.
The direct position vector is written as
gv(/) =W el (26)
p=v .
where I?V) =14Y) ef = position vector O,0;, where body s is
the adjacent branch body of body p; and both body p and
body s are in the direct path v-j (p#/) and also VV) =d/" =
ngk
J
R =R+ E PP Uy — i) (27a)
p=1

J
R +w xR =R'+0 XR' + Y €’ [P xIPV)] —@) x IV

p=1
(27b)
o oo j
Ri=R1+ ), emarxIr® +af (wf x170))
p=1
—of XV —@/ x (0 xFD) (27¢)
Since
p .
wpzzwr+ z:evp[Gv.ov] (283)
v=1
p - . .
WP ="+ Y, € [GY oY + (G +w'xG?)+07] (28b)
v=1
p .
=0+ Y, P [GUe0"]°
v=1
where ;
0v=0%ef  G'=e3Gh,e 29

e (A=1,2,3 are the base vectors along the gimbal rotational
axes x}¢ between body v and its limb body; and ¢ (n=1,2,3)
are the reciprocal base vectors. Their relations are similar to
those in Egs. (12) and (13).

J. SPACECRAFT

Table 1 Incidence matrix for the topological tree in Fig. 1?

J 123 4 5 6 7 8 9 10 11 12 13 14 15

v

1 /11 1 v+ ¢+ 1 1 1 1 1 1 1 1 1 1
2 1 I 1

3 1 11

4 1 I 1 1

5 1 11 11 1
6 1

7 I

8 1

9 1
10 1
11 1 11 1
12 1
13 1 1 1
14 1

t5 1

4The empty slots are zeros.

Combining Egs. (28), (29), and (26) yields the following
equation

00 . X3

R/=R'—(g'V —g/V)xa&"

VgV —g/ N x[GY-6°)°
i

J
v=

J
+ eV !X (w¥ XI'V)] —w/ (o xFW) (30)

v=1

V1. Contribution from Single-Body Motion
to Overall Dynamic Equations

Before determining the contribution from the single-body
motion to the overall dynamic equations of the system, let us
reexamine the physical meaning of Egs. (20a,b,c): Equation
(20a)—force equation of body j; Equation (20b)—torque
equation of body j about point O;; and Equation
(20c)—independent vibration equations of body j. The overall
dynamic equations of the system will take the following form:
1) the overall force equation of the system; 2) the torque
equations about all the hinge points, O, (¥=1,2,...N); and 3)
the independent vibration equation of all the flexible terminal
bodies.

The motion of a single body will definitely influence the
motion of the whole system. In this direct path method, we
have found that we do not really need all the interrelations
among bodies. The motion of body j will only contribute to
the overall force equation and the torque equations about the
hinge points which belong to the direct path 1-j. We may
rearrange Egs. (20a,b,c) in the following manner

Eq. (20a)

€Y [Eq. (20¢)]
(u=1,2,...N; s=flexible terminal bodies)
Using the previous rearrangement and the transformation

equations (28) and (30), the contribution from the motion of
body j to the overall dynamic equations of the system will be

. . o

b L —g'0e¥x 1 Bjel R™+R!
] ]

A
mi | euigu) x | ewigul) e Wt W)l [GYs§°]°
S S PU U (N NP,

H H ! H i ; ! H 7 H .

ebfe | eYalVe¥ | eIMiyel g/
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+m/ <

L e“iw;i(j) . _Esjwj.CﬁA,wJ

N

(—g'V x 0 VII. Overall Dynamic Equations of System

gt e L o b mi i x B egy] The overall dynamic equations of the multibody system can

be obtained by the following simple summation.

()

m

J uj gu () % Wl X v Jvy) N
+m <__e”§"‘_"__ eV w’ X (@ )] . Y fuj{Tj+ (8" —g/ty x F
GSIM. j=u
B ) 0)
wJ x<I>{ 0 _E [Tm_'_(gu(j)_gj(/)+hjm)xl;~m]} =Tu (35)
+2m’ €U GEY) ey eVq+m’ 0 "
TTTToToTTTT Tt STTTT oo T" is the interacting torque vector at point O, and its com-
— €9 Zj 00 ¥ (Kkugi +V5al) ponents T% (8=1,2,3) are associated with the ortho-
Fie Fi gonal unit vectors e} in the body u coordinates. It can be
______________________________________ (1a) transformed into the gimbal torque T by premultiplying
= {4 wWHUe) +3 €T +(g"V ~g/ ") xFI] (31b) Eq.T(35) vxith t})e transpose gimbal transformation tensor
______________________________________ G D =e"G{Del. Since the components of the gimbal
eV QFf 0 (31c) torque T“¢, te., T¥¢ (A=1,2,3), are associated with the
. o nonorthogonal base vectors e* (A=1,2,3) along the gimbal
u=1,2,...N; s=flexible terminal bodies; k=1,2,...n;; sum on rotational axes x3* (A=1,2,3), we have the following relation

v=1,2,...N; t=flexible terminal bodies; and /= L2,...n;.

where T =T =G" D . T"= e’ G"{'TY
gury) :B/A_gll(j) X (gv(/) X (32a) =e§(‘"G,{‘§““G§‘{}T”’”G;’A‘T) Tf}
Wi = WP g x (32b) = G TY = el (~ K{0 = Vi6}) (36)
WL =W - x gV (32¢) The interacting forces and torques are now completely
‘ _ v . v eliminated, because 6§ and 05 (A=1,2,3) are part of the state
gV = - (g"V —g/ ) x (#) x (32d) variables in the overall dynamic equations which will take the
following form
o ' —DV"xXG"» ! L 4 I (R! b | -DVx
______________ L R N gy SR
m G D" i GHD o JUu oGV e ': G“(T)'H}” gv - —m GY ) x Dt e i G D) o Juv e
______________ N O I B P
‘ch i H ‘GU’ E Scl q; ;. E Hw'
R +20" X R' -D!x L 0 F© (37a)
+o"XR' +0 X (0" XR') } —m G D e juls @ —=m < GYDepu L+ S TH L 4 GH TV eTuE) (37b)
(G* +w" X G) 0" H - X; 0 o (37¢)
where
B> =B/ +d’ x (d" x (32¢) N
o | | | m= E mi (38a)
Wi =Wi+d xd” . (32f) i=1
CP =Cj+®)x (d x (32e) w'=m’/m (38b)
N
(4v=1,2,..N;k=1,2,...n)) D=}, uleiigt (380)
and j=v
uje) — je u(f) _ gil) je
T T+ (g g ) X F (33) ‘P;Z;,L/‘l’; (38d)
(u=12,...N) N
) o . Ju = E “.Ielijglll'(j)eb‘/ (386)
When body j is a rigid interconnected body, there will be no J=max(u,v)
vibration equations, and all the terms associated with ¢/ and
¢/ will vanish. The interacting forces and torques will be Hy' =e"¥p' Wy (38f)
) SU* __ _Us,, 8 v{s)
Fi _Epm H =ePu* Wy (38g)
__________________ " Si=e"p' M}, (38h)

Euj‘ T/ + (g”U’ _gj(/') ) x F/
u,v=1,2,...N; s,t =flexible terminal bodies; k=1,2,...n,; and

)
—;[T'"Hg"‘” —g/V fhimy x Fm ) I=12,..n,
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(F) i

N N
=E E u,wux(wux1u0>)+22u’2q‘;w’x¢; (39a)
=1 p=1 [ iI=]

P = i e Y XBB . w + E W et E 6v/gu(l)

Jj=u J=u
(F) 1y
X [w? X (@° ><1W>)]+22,u WEq;gw.w (39b)
=1
X,‘\Z:u"{ —w e CPew® +&}e E ePw! X (! X17))
v=1
—2 L aizieo'+ 1 |aikiraivi (399)
i=1 =7

u=1,2,...N; s=flexible terminal bodies; and k=1,2,...n,.

F© — Z F" THle) = E 6H/TH(Jc) (40)

J=1 i=u

VIII. Complete Lagrangian Approach

We now propose an alternative approach, called the
complete Lagrangian approach. The first step is to obtain the
total kinetic energy of the system.

N
K=, % 1)
j=1

Substituting the transformation equations, (27) and (28) into
Eqgs. (5) and (41), we have

K=miR +R o [§eG* T {45

& ' -D'x | —-D'x ! ¥! T\ R +R'
_~~DI X E JI/ - i J/“ . E H;I @
JMU. l: H}ll GU.oU
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'_d_<a:1c> ax 38 a
d

— ) - = 46b
36 36 + a9 ae" < (46b)

d ( a:}c> ax a8 a
—(=) - + =QF 46¢
aq; gy 3qk aq; ot (46

v=12,3; u=1.2,..N; 0=1,2,3; s=flexible terminal bodies;
k=12,...n,. Since the interacting forces and torques at the
hinge points always come in equal and opposite pairs, they
will not contribute to any virtual work associated with the vir-
tual displacements. Consequently, they will not appear in the
generalized forces of Lagrange’s equations. Substituting Eqs.
(42), (44), and (45) into Eqs. (46), we shall obtain exactly the
same dynamic equations of the multibody system as Eqgs. (37).

IX. Limited Degrees of Freedom

When a gimbal rotational axis at a certain hinge point is
locked, we simply strike out the torque component equation
and the associated angle of rotation about that axis. Projec-
tion from the body torque equations to the gimbal torque
equations makes the modification for the limited degree of
freedom rather simple. [see Eq. (37b)].

X. Discussion and Conclusion

The vector D¥ is a position vector from the hinge point O,
to the instantaneous mass center O} of the subsystem of
bodies of body u, including itself. The torque equations in Eq.
(37b) are taken about the hinge point O, (u=1,2,...N). We
may perform the following shifting process to eliminate the
force equation (37a)

42) The overall dynamic equations of the system will be
G*M o [JW + D" x (D* x1+G" | G*De[HY —-D" x¥!]]| v GYM o [JW +D* x (D? x ] . .
M| = m e [GV+w?X G?] 9"
[HY +¥5 xDV]G" ; s~ ¥ g! H" +¥5 xD"
G Do [JH 4+ D¥ x (D' x ] G D[P —D¥ x L) Tue G M o [THC) DU x F© ]}
e R T b T TR et R T B e b 47)
H +¥5 xD' X; —-¥5-L 0 Qi) — Wi F @
u,v=1,2,...N; s,t=flexible terminal bodies; k=12,...n, u=1,2,...N; s=flexible terminal bodies; k=1,2,...n; sum on
1=12,...n,, where v=1,2,...N; t=flexible terminal bodies; /=1,2,...n,
RI<R! , ; When the direct path method was first developed by the
=R +w"xR 43 author, Hooker asked two very important questions. The first
The total strain energy of the system is
(r) z: S . Table2 Incidence matrix of an 8-body system?®
$= ’/zmzj:u FaiKhi+ 14 MZZ HX:I()"K“‘O“ (44) TS5 3 s s 6 7 8

{F) N 3
D= timb 2 SW s Y Vv @)
u=2 o=1

The Lagrange’s equations of the complete system are

d ( 33(3) X i) 8
dt

) - + =OR
ak7) “arT Yor1 YoRI =9 (46a)
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—_—

3 The empty slots are zeros
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Table 3 Contribution from the body motion to the coefficient matrices

S6T8 | SeTs 236 478 S 61788 251618
N 220000002000
356356035605600 0560
478 | 47800478007880000
s 505050000500
6 | 606006000060
T 78007800788“}008
s | 800800#88 000’8

2 2 2000000 zéoioéo

s 505050000500
6 | 606006000060
8 | 8 10l 0 | 8 00,8 8/0i0i0 8§

one was, why couldn’t we eliminate the overall force equation
completely? The second one was due to the fact that the
motion of each body should definitely influence the torque
equations of the other bodies throughout the topological tree
system, “Why don’t these interrelations appear in Egs. (37)?”’

Eliminating the overall force equation does have the ad-
vantage because we then have three less force component
equations to solve. The disadvantage is that the translational
motion of the system is lost in this shifting process. It is really
a very important part of the dynamic behavior of the
multibody system. Unless the system is completely symmetric
with respect to the main body, it would be better to maintain
the force equation, (37a). .

As far as the torque equations are concerned, it depends en-
tirely on where the reference points are from which we take
the moment. In the direct path approach, each torque
equation represents physically the summation of moments
about each hinge point. There are actually two ways of ob-
tai. ang the torque equation about the same hinge point. The
first one is to sum up the contributions from the motion of all
branch bodies of this point. The other one is to sum up the
contributions from the motion of all the rest of the bodies in
the system. Naturally, we would like to choose the first one,
which is simplier. They physical meaning of the torque
equations in Eq. (47) is that we are taking moment about the
instantaneous mass centers O} of the subsystems of bodies,
including body u. The motion of all the bodies in the
topological tree system are completely ‘‘coupled.”” This com-
plicates the computer calculations. Furthermore, this shifting
process also complicates the coefficient matrices in the
vibration equations, where they are completely uncoupled in
Eq. (37¢).

To illustrate the contribution from the motion of the bodies
in the topological tree system to the coefficient matrices of the
overall dynamic equations, we choose the 8-body system given
in Table 2.

From Table 3 we find that only a few slots of the coefficient
matrices require summation of the contribution from the
motion of several bodies. Most of the slots require only single-
body entry or zero entry. It also shows the uncoupling charac-
teristics of the equations. When Eq. (47) is used, all the zero
slots will be filled with nonzero numbers. We conclude that
this shifting process certainly adds an unnecessary com-
plication to the problem.

Comparing the three approaches presented in this analysis,
the complete Newtonian approach is the most straight-

forward. It provides better physical understanding of the in-
teraction among motions of the individual bodies. After ob-
taining the dynamic equations of a single body, there are two
major steps of derivation we must go through. The first one is
to transform the variables. The second one is to transform the
effect of the single-body motion to the torque equations about
other hinge points. If we reverse the order of steps or
anxiously go into the final dynamic equations, the systematic
definitions of the time-independent and time-dependent mass
properties, (Eqs. (6) and (7)] and the transformed mass
properties [Egs. (32)] will not be shown clearly. From the
computer programing point of view, calculating all properties
of each body separately before calculating the overall proper-
ties of the system [Eqs. (38-40)] is very efficient.

In the complete Lagrangian approach, transforming the
velocity is certainly easier than transforming the acceleration.
We do not have to worry about the elimination of the in-
teracting forces and torques. Carrying out the partial dif-
ferentiations in Lagrange’s equations is very straightforward
from the mathematical point of view. However, knowing the
definitions of the transformed mass properties [Egs. (32)]
beforehand makes the derivation easier.
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SPACECRAFT CHARGING BY
MAGNETOSPHERIC PLASMAS—v. 47

Edited by Alan Rosen, TRW, Inc.

Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current electrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation.

‘As a result, the research that started several years ago with the immediate engineering goal of eliminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
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